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Abstract: The paper demonstrates how the unconditional extremes of the functions of fundamental
symmetric polynomials, in the case of the positivity of variables, are obtained either by canceling the
partial derivatives in relation to the polynomials, or by the equality of all variables.
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1. Introduction
Let x4,...,xn€R, neN, n>2 and fundamental symmetric polynomials of order k:
SI=X 1<ty <oz Xiy e Xigr k=110,

We’ll assume that xi,...,x,#0, otherwise considering only non-zero variables with n
corresponding to their number.

Let’s also note, So=1, S;;=0, Sy+p=0 Vp=1 and S,fl""'ps, k=1,n,1<p; # #ps <
n, fundamental symmetric polynomials of order k in x4, ..., x’p\l, . fp\s we, Xy, Where
~ means that the factor is missing and, as above, Sg LePs= Sf;,'""ps=0 Vp>1,

S;: LPs—() if p>n-s.

We have:
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Spr 21<ll< <P e iggn Kiy oo Ky o Koy e X =X SPP PS4 §P1Ps
J#pL#F o F s

Sli.pl,---,ps Sj.pl,---.ps _— Sj,_i,pl,---,ps + S}{,i,pl,---,ps — x; §IPLPs o IbP1Ps
(x; — )S] s P i xkjEp E o £

from where:

dSk

_ -~ _qi A T
5_215i1<'"<i<"'<iksn Xi, Xy o X3, =Sk_1, k=0, 7, i=1, 7,
L

P1,--Ps .
as, _Sl,pl_...,ps
6xi k-1 ’

2. Main Theorem
Let xi,....xn€R, neN, n>

Let be a function of fundamental syrnmetric polynomials: f:R" >R, f(Sy, ..., Sp).
f af aSk

We have [ 165 27, e 165 Sk 1,and also:

axax,_ax k= 1as k-1 Dk = 1as as k1551 + = 1as 2 1 17)and:
’f_ 0 s —ym o%f i s

ox? ox;~k= 1as —1 4ks=135,95, “k—17s-1:

From the above formulas, we obtain:
n
0% f
d2f = Z 2T dxdx;
f A axiaxj xi x]
i,j=1

_ Jj
- Z <st 105,05 35,05, Sk-155-1

i,j=1

+(1- U)Zk 16—5165?2) dx;dx;

where §;;=1 if i=j and 0 if i] is the Kronecker’s symbol.
We aim to determine the local extremes of the function f.

To determine the stationary points, the characteristic system becomes:

f

ox; L= 1as Sk 1=0, i=1,n or, deployed:
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_+_51 aSnSTll 1=
Of | Of on l n
38, tas, 85, S+ asnS” 1=0

. .. af . .
If all partial derivatives aT—o at one point (x?, ..., x2) then the system is checked.
k

In this case:

n n n 2
d2f = Z 2T xdx; = Z Z 0T i sl \axdx,
dx ax, T L ks=1080Sg KIS J A

i,j=1

It is known that if d*f is positively defined then the point is of local minimum, if it

is negatively defined then the point is of local maximum, and if it is semi-defined

the point is not extremely local.

If at least one of the partial derivatives ;Tf;to then the system does not support only
k

the null solution, therefore the determinant of the system is null:

1 St.. Sty
1 S2.. S22 |-
1 St.. S},
Subtracting the first line from the others, results in:
1 st. si.|]1 st . Sn-1
o={1 s2.. sg 110 (0 — x)S8%.. (g —xz)s,iz2 _
1P Sial 100 G —x)SE™e G —x)SE
1 51,2 51,2

13 13
H] 2(x1 - XJ) 817 Sn_:z == Hlsi<jsn(xi - xj)-
It follows from this expression that at least two variables must be equal.
Suppose, after a possible renumbering, that x;=x.

How, in this case: S§ = SZ, k=1, n the second equation of the characteristic system
is identical to the first, so we have:
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of O o, o _
<(a_Sl‘Fa—Sle + "'+E5n_1 =0
of of _, of . _
los; tas, >t Tt gs, S T
In this case:
of of of
05, _ as, _ 0S5 _

157853512

18]S ST,
which is equivalent to:
9f of
05, _ 05k _
X7 asicjn(xi — %7) X * Masicjen(xi — x7)
of
aS,

- H25i<jsn(xi - xj)

Eliminating quantities: [[,<j< jsn(xi - xj), result:

of of 9f
051 _ .. _95% _ .. _9%
x{‘_l - x{‘_k 1

From here, we have:

9 _yn-k), k=T,n, LeR.
aSy

If X1=Xo=...=X,, how, in this case: S} = SZ = -+ = S,f, k=1,n, the system becomes:
Pt x2S+ 48P =0
x4 xS 4+ ST =0

Considering the equation:
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x4 Skx2 4 Skxm=3 ...+ Sk = 0, k=p, 7 it becomes:
(x+x) . (x+x,)...(x+x,) =0,k=p,nn
As x; is the root of this equation, it follows:

(2x1) ... (2x1) (21 + xp+1) (X1 +x,) =0,

p—1times
(2x1) ... (2x1) (x1 + xp+1) v (g Fx) (1 +x) =0, k=p + 1,n.
p times

Because x;#0 follow:
(%1 + Xp41) o (61 +x,) =0,

(%1 + xp42) o (X1 +x,) =0,

(%1 + xp41) o (X1 + X524) = 0.

From the first, if for example (after a possible renumbering) x,, 41 = —x4, from the
second it results (after a possible renumbering) that x;,,, = —x, the rest being
identically satisfied.

Therefore, the stationary points are: Xy = @,....Xp = &, Xp11 = — Q& Xpyp = — 0,
xxeR, k=p + 3,n, aeR.

If all variables are positive then there are no variables x,, therefore: x; = --- =
Xn = a, o>0.

In this case: Si=(C¥ — Ck=1)o*=Ck_, &, iar Si’jZC,’,f_Zak. Thus:
dzf 21] 1( ;{LS 1aSaSSk1 _1+(1 l])zk 165 )ddeJ

o*f ck-1c +s-2 ck=2 -2
ltfj=1( ;(l,s=1askas n— 1 ak 5T +(1 U)Zk 265 _zak dxidxj.

If f(S1,..,Spn)=g (Sl-l, ...,Sl-p) where §; , ..., Sip actually appear in the expression
of f then, noting M={i1, . ip} we obtain (due to the identical cancellation of the
partial derivatives corresponding to the variables xj, kg M):

0*f
2f Zl} 1<Zk$ 16565 Tlf]]: ak+52+(1_
af — —
511) Zr]izz E Cn_zzak 2) dxidx]-.
keM “°k
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’f
=0, ks then:
a8

. d
In particular a5,

df =Y (zs;:l 2L () 2 4 (1= 6y) Sy 2L C,’{:zza’H) ddx;
keM "k keM kK

So we can formulate the following:

Main theorem

Let be a function of fundamental symmetric polynomials: f:R" >R, (S, ..., S,),

X1,..,Xn>0.

. . . . D — .
Extremely local points satisfy either condition: %=O, k=1,n, either x; = --- = x,,.
k

The point xo=(x?, ..., x9) is a local minimum/maximum if d*f is
positively/negatively defined.
Remark 1

Since the global extreme points are the extremes of the local points, the theorem
determines the absolute maximum/minimum of the function.

Remark 2

Considering a symmetric polynomial function P, namely PeR[Xj,...,X4] such that
VoeSn: P(Xc(l), e Xo(n))= P(Xy, ..., Xy,), we define the lexicographical order of its
monomials by: a;_; X;* . Xy® = bj, . X" Xt & p=T,n ad i1=j1,eenip1=ipis
ip>]jp and the strict lexicographical order by: ail_,_inXii ...X,il" > bjlmanlj1 ...XT{” =
Ip=1,n al. i151,...,1p-15p-1, 1p>]p, the longest term in the sense of the lexicographical
order is called the main term. If the main term is ail___inXii ...X,il" it is shown that
11>12>.. . >1p.

We have the following:
Theorem

Considering PeR[X,...,Xs] a symmetric polynomial then 3!QeR[X,...,Xx] such
that P=Q(S.,...,Sn).

Waring’s method is used to determine the polynomial Q in this way:

e we lexicographically order the polynomial P;

e considering the main term: ail___l-nXi1 ...Xrll" we construct the polynomial:

i1—iy ip—i in—1—In 1 . . .
Ri=a;, i s," ?s;? P ..s) T sy which is symmetrical;

e after subtraction, we obtain the polynomial P;=P-R; which we order
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lexicographically again and return to the previous step;

e inthe end: P=R+...4+R+b (if Rk is the last polynomial thus constructed, and b is
the possible free term of P).

After all this, it follows that the main theorem is also valid for all symmetric
polynomial functions, regardless of whether the fundamental symmetric
polynomials appear explicitly or not.

Particular cases (for all equal variables with a):
n=2

2
a°f = ZU 1 (652 +2 as asz as2 az) dx;dx;.

n=3

) a%f i 4
d*f = 2‘,Ul<asz+465652 +2 a2+4652a2+4 B+IL oty

0510S3 9S,0S3 a2
( l])( +a—S3a)>dx dx]

3. Applications

s X1g0e0sXn>0.

2 242
3.1. Let’s prove the known inequality: (%) <

Proof

s\ s2-zs
Let fR>SR, £(Sy, 52)=(;1) ]
of _2(1-m)s; of _ 2 9%f 2(1-n) 9%f . 9°*f 0.
s, n? ’3S, nds* n? ’35,8S, ~ 8SZ

We have —

of

Ho Was2

= —;tO it turns out that the only stationary point is (a,...,at), a€R

2(1—-n)

From here: d*f = 37 1( +(1-
§ij) 2) dxydx; =3 1 = dx;dx;+ By

i=j

2(1—-n)
n2

dx?.

The Hessian matrix is:
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20-n) 1 - 1

—_ ) 1 S :
1 21-n ) whose main diagonal determinants are

1
T B
alternated, therefore d*f is negatively defined. The point is the local maximum.
Therefore, how Si=na., S;=C2 o = @ o? we get:

2,2_onn-1) o

£S5 5)(2) ~E 2o f (g 20D 2) = 2 ETE T T 2 nf
n
0

n 2 n n

Therefore, inequality is prooved.

3.2. Prove Goughens Inequality:

(1 +x)+2) e (1 +2) = (14 Yo% %) VX1Xe20, nEN, 022,
Proof

Obviously, if one of the variables is null (for example x,=0) then:

(1 + x3) ...(1 + x,) = 1 which is obviously true.

So, let x1,...,x»>0 and the function: f:R">R, f(S;,...,S,) =1+ S+ -+ S, —

(1+Y5)"

- n-1 2 -
Wehavea—le,k=1,n—1,a—f=1—<1+ ! ) 07 0, k=T,n—1,
dSk Sy

"/Sn > 8SE

2e n—2 ) L
9 f—”_1<1 + = ) ! 0T —y, k#p=1,n.

sz n "s, q/g”“’ 8SKdSy
d . . o
Because % = 10 it turns out that the only stationary point is (a,...,a), aeR.
k

. d - 9 1 n—-1

In this case, because S,, = " we get: 9 = 1, k=1,n—-1, 9 —1- (ﬂ) ,
Sk Sy, a

9%f . . ———— 8%f n-1 (a+1)"‘2 1 8%f e
as? 0,k=1,n—1, 2 n \ « o+’ askasp_o’ kzp=1,n.
But:

aS2 dSn

2
Sf=yn ("’_f 27 4+ (18, (Shoh Chgak 2 + 2L a"'2)> dxrdx =
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§j=1 (agZ "% 4+ (1 - U) ((OH' nH"? + (af ) an—z)) dx;dx;=

— n-—2
gjzl <nTl (%) an+1 "+ (1 - lj) ((Of‘l' nH"z -
n-—1
(%) OCn_Z)) dxl-dxj=
Bioa (S @t D72 (1= 8y) (@t D2 = 2 (et 7)) =

(a+)"2 iy (”T_l +(1-6;)(a—(a+ 1))) dx;dxj=

a

(a+1)2 1 _(etD)"2 +1)
i 1or (- 346y dod =" ( Y (n— 1)dxi2—2z§fj=1dxidxj)

a . .
i<j
The Hessian matrix is:
n—1-1 - -1

n-2 — — e —
Hf‘:(a+1) 1n-1 1
on )

_ whose main diagonal determinants are positive,
-1 -1 -n-1
therefore d°f is positively defined. The point is the local minimum.

But f(Sy,...,Sp) =1+ Cra+ C2a? ...+ Cla™ — (1 + a)™=0 therefore:
f (S84, ..., $,)>0 and inequality is demonstrated.

3.3. Let’s Prove the Known Inequality: ’“*;lﬂz’:/xl e Xy VX500 Xn20, n€N,
n>2.

Proof

Obviously, if one of the variables is null (for example x,=0) then: "”;IJZO

which is obviously true.

So, let x1,...,x,>0 and the function: R">R, f(Sy, ..., Sy, —”jl—l - 'i/S—n

of _ 1 of _ 1 9%f 0%f %f 1-n
We have — 35, —was, — T 952 =0, 35,95, =0, 057 s the others
being null.
3] 1 . . C .
How % = ;7&0 it turns out that the only stationary point is (a.,...,a), a€R.
1
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In this case, because S,, = " we have:
of _ 1 9f _ 1 9%f o%f 9°f  n-1

— = — =0 =0 = and:
s, n’ oS, no~1 9s2 7’ 95,8S,  0SZ n2a2n-1

@2f = Tjer (s 72 = (1= 8) s %) iy

1 1
Lj 1 ( n (1 U)) dxidszm <ZE’]-=1(TL — 1)dxl2 -2 Z?j:l dxidxj>.

i<j
The quadratic form in parentheses is identical to the one in 2) so d*f is positively
defined. The point is the local minimum.

We have now: (S, ..., Sn)=% — o=0 thus f(Sy, ..., $,)>0.

3
3.4. Let’s Prove the Known Inequality: (++z)

>(x+y+2)(3+5+3)
Vx,y,z>0

Proof

Let’snote S; =x+y+2,5, =xy +xz+yz,S3 = xyz.

Considering the equation t3 — S;t? + S,t — S5 = 0 it has the roots x,y,z therefore:
Yx3 =85 Yx% -5, x+35;=5,(S% — 25;) — $;S, + 353=S3 — 35,5, + 3S;.
Inequality becomes:

3(S7 — 3515, + 353)>5,S,.

Let the function: f:R3—>R, f(51,52,53)=3513 - 95152 + 953 - 5152:3513 -
10S,S, + 9.

We have:
of _ _ of _ o 9*f_ *f_~ 0%f_ 9*)f _
651 =957 1052, a 108, a5, 9, 257 185, 252 =0, 252 =0, 35,05, 10,
*f o 9% _

05,0S3 05,053
How ;—f = 9#0 it turns out that the only stationary point is (a,o,a), ceR.

3
In this case, because S; = 3a, S, = 302, S3 = & we get:

of _ _ *f_ ’f_ 9*f ’f _ ’f _

651 =51d%, 5 s, 30a ’as =9, as2 =54a ’as2 =0, as2 =0, 85,05, 10, 85,055
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a%f .
55,95, 0 and:

d*f = a< 3 14dx? — zzzjzlgdxidxj)

i#j

The Hessian matrix is:

Hi=2 <—7 28 —7). But A=28%, A=735(%) ", A=17150(%)

2 2 2 2
-7 -7 28

As the main diagonal determinants are positive, d*f is positively defined. The point

is the local minimum. We now have: f(S;,S,,53)=81c% — 9003 + 9a3=0

therefore: f(S;, S5, S3)>0.

3.5. Let’s Prove the Known Inequahty b + % + 25

+++—

b2 _a+b+c
Va,b,c>0
Proof
a+b b+c a+c_ —25253—5,5;+5,53 . .
We can easly see that: —- +— + —=—— 2223 12 and inequality becomes:

b2 s2

—2525;-5,53+5,
s3

—253S5; — 25,5,5; + 51252 —952 > 0.
Let the function: f:R3> >R, f(S;, S, S3)=—2535; — 25,5,S; + S£S7 — 95%.
We have:

St >~ + L > ~257S5 = 515,53 + S£5F 2 953 + 5,553 &

;Tf = —682S3 — 25,55 + 25,53, ;f —28,S5 + 2525,, 2L as = —283 — 25,5, —
1

18S;,

?f__ 2 0*f o2 0°f_ 2f . _
55— 12515 + 253, 557281, 518, 5000=—28; + 45,5, —as S ——6s?

0%f _
25, 95,05, 25;.

First, we will solve: a—f=0, k=1,3.
EX
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9
(9F = —6525; — 25,53 + 25,52 =0
9S8,
of
< 6_52 = —25153 + 251252 =0
af
\ 75, = —285% —25,5,—185; =0

From the second: S3 = S5, and of the first: —653S, = 0 which give us: $;=0 or
S,=0 — contradiction with a,b,c>0.

Therefore: a=a, b=a, c=a,, a>0. But S;=3a, S,=30?, S3=a’ implies:

9 — 665, — 480*, 2L = _9047,

aS, > 95, > 3S;
*f_ 4 0°f_ *f_ a%f _
as? 1847, as2 18a2, asz2 18, 05,05, =34 a3, 651653 600:2, 652653 6a.

2 o*f o*f o*f Pf 4
d°f = ZU 1< +4651652 +2651653a2+4652a2+4652653a3+652a +

(1-4y) ( )> dx;dx=y7 -, (—180{4 +136a* — 120a* + 720* —
240 — 18" + (1 — 8;) (48 — 900*) ) dxidx;=¥? ., (183" -

( - 11)4206 )dxidxj—

a‘*( 1183dx? + 2%} ;- 2 dxldx]>

i<j

The Hessian matrix is:

183 - 12
2 2

He=o —1‘2*—1 183 —% . But Ai=183a%, A=28518.75058,
- = 183

A3=2699014.5a12.

As the main diagonal determinants are positive, d*f is positively defined. The point
is the local minimum. We now have: f(S;,S,,S3)=—54a° — 18a® + 81a® —
9a°=0 therefore: f(S;,S,,S3)>0.
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