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Abstract: The paper demonstrates how the conditional extremes of the functions of fundamental
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1. Introduction
Let x4,...,xn€R, neN, n>2 and fundamental symmetric polynomials of order k:
Sk221$i1<-..<ik5n xil .xl:k, k:l,_n

We'll assume that x;,...,x,#0, otherwise considering only non-zero variables with n
corresponding to their number.

Let's also note, S¢=1, S;=0, Snp=0 Vp=1 and Sy 7S, k=1,n,1 < p; # - # ps <
n, fundamental symmetric polynomials of order k inxy, ..., %, ..., Xp, ..., X, Where
~ means that the factor is missing and, as above, .S'g LePs=] Sf;’""pS:O Vp=1,

Sg LPs=0 if p>n-s.

We have:

P1oPs _ o~ o~ — e CJD1Ds JiP1,-Ds
Sk = Z15i1<...<ﬁ1<.‘.<ﬁ;<.‘.ik5n xil ...xpl ...xps ...xik_x]'Sk_l + Sk ,
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J#Fp1# - F s

i;p1:---:ps j-pl,----ps _ j'inl,"'JpS j'i'pl,-"'ps _ j'inl,"'JpS _ j'i'pl,"-'ps _
Sy -5, = x;S;," +5, xS s,

(x; — x;)S) . P iEkjED E e # D
from where:
aSk

_ o ¢l —0 . =
dx 21<ll< <l< <lk<nxll ...xl ...Xik*Sk_l, k*O, TL, 171, TL,

P1,--Ps .
as, _gbP1,Ps
6xi k-1 :

2. Main Theorem

Let x1,...,xn€R, neN, n>2. Let be a function of fundamental symmetric
polynomials: f:R">R, f (S, ..., S,) and a restriction of variables g(Sy, ..., S,) = 0.

Let the Lagrangeian of the functions: ®=f-Ag where @ is a function of
AX1,....Xn. If @ point is a local extreme with connections then the relationships take

0% =T 2% 9f _ -
place.axi 0,1 1,n, ” 9% that is: ox, /1 01 1,n, g=0.

Let also the null space ofdgina stationary point x° = (x?, ..., x2) of @ that
is the Null= {x € R" |Zl 1 om, I (x0x; = 0}

+yn 16/16 dAdx; +ZU 16 o) dxldxj

- a d/?,dxl + 21 =1 a ox dxldx] we have the following:

Theorem ([3])

Considering a stationary point (1°,x°) where x° = (x?,...,x3) of ® we
have:

a) If f has a local maximum with constraint g=, BeR then d?®(x?)(x,x)<0
VxeNull;

b) If f has a local minimum with constraint g=p, BeR then d?®(x%)(x,x)>0
VxeNull;

¢) If d?®(x%)(x,x)<0 VxeNull-{0} then f has a strict local maximum with
constraint g=f3;

d) If d?®(x%)(x,x)>0 VxeNull-{0} then f has a strict local minimum with
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constraint g=f3;

e) If d?®(x%)(x,x) has both signs for x;,x,eNull-{0} then f hasn’t a strict local
extreme with constraint g=f3.

Considering the bordered Hessian matrix computed in (/10, xo):

0 99 99 99

0xq 0x, Oxp

ag ® oo T oo

x, 0x% 0x,0x, 0x,0xy

H=| a9 00 00 " a0

axzaxzaxl 6x% *9x,0xy

og 0w a0 0
X 0x,0x,0xn0x;  Ox3

if we note Ax the main diagonal minors (of order k), then:

e if A;, i=3,n + 1 have alternating signs, first A; having the sign + then the
point is of local maximum,;

[ I3

e if A;, i=3,n + 1 have the same sign “-” then the point is the local minimum.

Therefore, when we investigate the nature of a stationary point, we will
construct the bordered Hessian matrix. If one of the minors A, is zero, then we will
use the construction of d?® and the theorem above.

0D _ a® Sy
We have n [ =y
e have now: = klaskax klas Sk 1

ag n O0g 6Sk

= = YR nd al

ax; — Lk=13s, ox; 2k= 1a 5y Si- 1a d also:

%0 0 «n 0P on j Sh i i .
9x;0x; 0x; k=1as -1 &ks= 1as dSs Sk 1551 + Xie= 1as K~z 1f 17] and:
%d_ 3 i

axl_Z_axi k= laS Sk 1~ kS 165 S5 Sk 1SS 1

We aim to determine the local extremes of the function f.

To determine the stationary points, Lagrange conditions becomes:

%ﬂ i=1,n, g=0 or, deployed:

- il 1
651 + 25, 51 +- + Sn 1=0

a_sl+Esl+ + n_1=0
g—O
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. .. D . .
If all partial derivatives T:O at one point (x?, ..., x)then the first n equations are
k

a
checked, therefore the problem reduce to:

o

651=0
o> .
{a—sn—o
kg=0

Solving the system and using the bordered Hessian matrix (or d?®) we can find if
the point is local minimum or local maximum.

If at least one of the partial derivatives %’;;&0 then the system does not support only
the null solution, therefore the determinant of the first n equations is null:
1 St.. St
1 S%.. S2_,|=0.
1 Sp. sn,
Subtracting the first line from the others, results in:
1 st. si.|]1 st . Sp-1
0=[1 SZ.. S2_i|=[0 (O —x)S%.. (x1—x)8%, |-
1 st il o G —x)Si™e (o — 2SI,
1 S12. Sy,
L S )
1§ S

It follows from this expression that at least two variables must be equal.
Suppose, after a possible renumbering, that x;=x.

How, in this case: S§ = SZ, k=1, nthe second equation of the characteristic system
is identical to the first, so we have:

(acp aq>52+ +a<p52 ~o
39S,  8S, * as, "t
0® AP

- _Sn ves —Qqn = 0
3s, Tas, 1 T gs on

g9=0
In this case:
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o o o
0S1 _ 05, 983 —
SES3Sp-aSa-a|  |S2S3-Spal|  |S3SE-1SP
S187Sn-2Sn-1|  |S2S3Sn—a 1| [S3SE 18T
o
0Sn

1512 "'5721—35721—2

1SP-ST 58T,
which is equivalent to:
00 90
aSl _ _ 6Sk _
n—1 - T n-k
X1 sti<jsn(xi - xj) X1 H25i<j5n(xl' - xj)
20
— 95y
sti<jsn(xi - xj)

Eliminating quantities: [],<;< jsn(xi - xj), result:

L 2 20
05y 0Sk _ 08,
X1 Xk 1
From here, we have:
99 _ n-k T
—= k=1,n, ueR.
aSk xl H, 1, |

-+ =S¥, k=1, 7, the system becomes:

48P =0

If X1=Xo=...=X,, how, in this case: S} = SZ =
x4 x2sP +
X b ST A e STy =

g=20

Considering the equation:

x4 Skxn2 4 §kxn=3 4 .. 4 Sk | =0, k=p, nit becomes:

(x + xq) ... (xTI-\xk) w(x+x,) =0, k=p,n.

As x is the root of this equation, it follows:

(2x1) ... (2x4) (x1 + xp+1) (g +x,) =0,

p—1times
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(2x1) ... (2x1) (21 + xp+1) w (g +x) o (i +x,) =0, k=p+ 1,n.

p times

Because x;#0 follow:
(x1 + xp+1) (g +x,) =0,

(x1 + xp+2) (g +x,) =0,

(xl + xp+1) (xl + xn_l) = 0

From the first, if for example (after a possible renumbering) x, 1 = —x;, from the
second it results (after a possible renumbering) that x;,,, = —x;, the rest being
identically satisfied.

Therefore, the stationary points are: x; = a,. Xy = 0 Xpp1 = O, Xpyp = —Q,
xr€R, k=p + 3,1, acR.

If all variables are positive then there are no variables x,,, therefore: x; = --- =
Xn = a, a>0.

Replacing these equal values in g=0 we will find their exact value.

In this case: S,;I(C,’{ — k=) ok=Ck_, &, iar Sp/=Ck_, o Thus:
. Zk 1 aS TL 1 ak 1

0’ _on ?P k- +5-2 Ck=2 -2
ax;0x; <=1 askas no1Cn-10" + Xke- Zas Cn-2

_9*f ck-1c +5-2 2_
Ks= nl aks +Zk265 nzak

kis=1 askas
d%g - o\ e
n +5-2 k 2 2 .
k( ks=135, a5, CXZ1Cizi o + Yhe 265 Ch3 )1f i#j and:
o’ Cs 1 +5—-2_

2 st laS 85 Cn 1

n sl +5-2 n sl +52
Z k,s= 16565 Cn 1C -7\‘2 k,s= lasas Cn 1C

By entering these expressions in the bordered Hessian matrix we will find the
nature of stationary points.
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Main theorem

Let be a function of fundamental symmetric polynomials: f:R"—>R, (S, ..., S,)
and a restriction of variables g(Sy, ..., S,) = 0.

(9% _
a5, 0
Extremely local points satisfy either condition: { o _ 0 either x; = - = x,,
aSy,
Us-

saitsfying g(Sy, ..., Sp) = 0.

The point xy=(x2, ..., x2) is a local minimum/maximum if d*f is
positively/negatively defined.

Remark 1

Since the global extreme points are the extremes of the local points, the theorem
determines the absolute maximum/minimum of the function.

Remark 2

Considering a symmetric polynomial function P, namely PeR[Xj,...,Xs] such that
VoeSn: P(Xo(l), . Xo(n))= P(X3, ..., Xp,), we define the lexicographical order of'its
monomials by: ail_._inXlil ...Xfl" b]1 Jn X]" .X,{”<:>Elp=ﬁ al LTj1,e.ip15p-1,
ip=>jpand  the  strict  lexicographical  order  by: ail...ianl ...X,il" >
bj, . JnX]1 .XTJ;"<:>EIp=1,—n a.i. 115]1,...,1p-15p-1, 1p>]p, the longest term in the sense of
the lexicographical order is called the main term. If the main termisa;,_; X 1i1 X,il” it
is shown that 1;>1>...>1,.

We have the following:

Theorem

Considering PeR[X,...,Xs] a symmetric polynomial then 3!QeR[X,...,Xu] such
that P=Q(S.,...,Sn).

Waring's method is used to determine the polynomial Q in this way:

e we lexicographically order the polynomial P;

e considering the main term: al-l___l-nXli1 ...Xrilnwe construct the polynomial:

i1—iy ip—1 in—1—in 1L . . .
Ri=a;, ;,5;" 2s; * .51 ™s,'which is symmetrical;

e after subtraction, we obtain the polynomial P;=P-Riwhich we order
lexicographically again and return to the previous step;
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e inthe end: P=R+...4+R+b (if Rk is the last polynomial thus constructed, and b is
the possible free term of P).

After all this, it follows that the main theorem is also valid for all symmetric
polynomial functions, regardless of whether the fundamental symmetric
polynomials appear explicitly or not.

3. Applications

3.1. Let's prove the known inequality: 3(x + y + z) = 4 (ﬁ + x—iz +

1
y+z

Proof

2
) Vx,y,z>0, xyz=1.

The inequality can be written as:
—4S} — 8S%S, — 452 + 35357 — 652,55 + 35,52 -0
(83— 5152)? B

which is equivalent with:
—4St — 8525, — 4S% + 35357 — 655,55+ 35,52 >0

Let R3>SR, f(Sy, S, S3)=—4S{ — 8525, — 452 + 35352 — 655,55 + 35,52
and g:R3—)R, g(Sl, 52,53)253 —1.

We have: @=f-Ag=—4S} — 8525, — 457 + 35352 — 655,55 + 35,5% —
AS;—1)
0P

P —16S3 — 165,S, + 9S£SZ — 125,5,55 + 352,
1

22 = —857 — 85, + 6575, — 65753,
2

9P = 6525, + 65,55 — A,
2
ZTT = —48S57 — 16S, + 185,57 — 125,55,

1
3o 3
757 = 8 + 653,
R

as2 =651,

0% _ _16S, + 1852S, — 125,S
651652 - 1 1 2 1 3’
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Rl
3595, = 125152 + 653,
e o
85,083 651
0P
757"
2% _
The condition: < 95z becomes:
o _
3s;
g=0
(—1653 — 165,S, + 95253 — 125,5,5; + 352 = 0
! —8S5% — 8S, + 6535, — 65255, =0 -
—652S, + 65,53 —A=0
S3—1=0
(—1653 —285,S, + 95252 +3 =0
! —7S8% —4S,+ 3535, =0
—6S5%S, +6S; —1=0
L S3 = 1

2
But S, = 3;5—14>o implies that S; > ig and: —657 + 1158 + 1952 + 2 = 0 which

gives us: §; = 1.434, S, =2.97.
In this case, the equation t3 — S;t% + S,t — S3 = 0 gives solutions not real.

The only stationary point is therefore (a,,0.,a), a.€R. Because g=S5 — 1= — 1=0
we have o=1.

In this case, because S; = 3, §,=3, S3=1 we have:

od 0P 0P 9%d %P 9%d 9%d
a_sl =48, E = 336, E = —144 — ], _asf = 66, —6522 = 154, _asg =18, 9505,
402,
%d 2%d ) ) )
=102, =—54,-2=0, -2 =0,-2=1.
651653 652653 651 652 653
From here:

99 _ci_ .
ox; S5=1 and also:

2 2
9% _576-), ¢ 5080 — 4, o

0x; 0x;0x; 0x; =1888

~N
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From characteristic system: : %=0, i=1,3, g=0 we find that A=576 and: %ﬂ,

0% 1504, 2221888,

0x;0x > x?

The bordered Hessian matrix is:

01 1 1

1188815041504
1150418881504
1150415041888

But A;=-768, Ay=-442368 implies that the point is local minimum. In this case:
£(3,3,1)=0 therefore f(S;, S, S3)>0 and the inequality is prooved.

3.2. Let's prove the known inequality: 3(x2 +y2 +z?) +x+y+z=>6+xy +
xz + yzVx,y,z>0, xyz=1.

Proof

The inequality can be written as:
2(52-25,)+S5,=26+5,
or equivalent:
252 —55,+5-6>0
with the condition S3 = 1.

Let ﬁR3_)R, f(Sl' 52,53):2512 - 552 + Sl — 6 and g:R3—)R, g(51,52,53)253 -
1.

We have: @=f-Ag=2S2 — 55, +S5; — 6 — A(S3 — 1)

o o® P R GRS R
6_51_451-'_1’@_ —5,6—53— —ﬂ,a—‘l-,a—szz— 0’6_5??_ 0,
92p 92p 2P
0510S,  ’ 8S,0S3  ’ 8S,8S3
0 _
| 05, -
s AP
@ .. — = .
Because P —5, the condition: < 952 has no solution.
2 AP
as, 0
g=0

The only stationary point is therefore (a,o,0), aeR. Because g=S3 — 1= — 1=0
we have o=1.
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In this case, because S; = 3, S,=3, S3=1 we have:

oD 0P 0P %D 02D %D 02D 9%d
—=13’—=—55—=—j—2=4"—2=07—2= , = , =
45, s, 3S; as? 2 452 95,05, 05,083
92D
0, =0,
35,083
9 9 9
_g =O’ _g =0, —g = 1‘
45, 35S, 453
From here:
09 i od 0%’d 0%’d
—==85.=1 and also: —=3-A =4- =4,
dx; 2 dox; > 0x;0x; > Ox?

From characteristic system: : %:O’ i=1,3, g=0 we find that A=3 and: g—i
l

L
i

%o %o

dx;0xj  9xF

4.

The bordered Hessian matrix is:

0111
1411
1141
1114

H:

But A;=-6, A4=-27 implies that the point is local minimum. In this case:

£(3,3,1)=0 therefore f(S;,S,, S3)>0 and the inequality is prooved.
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